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We present a theoretical approach for computing and analyzing two-dimensional spectroscopy of bosonic
collective excitations in disordered many-body systems. Specifically, we employ the Keldysh formalism to
derive, within a nonperturbative treatment of disorder effects, the third-order nonlinear response and obtain
two-dimensional spectroscopy maps. In the weak nonlinear regime of our formalism, we demonstrate the ability
of the echo peak to distinguish between elastic and inelastic scattering processes, in perfect agreement with the
intuition developed in isolated two-level systems. Furthermore, we discuss unique many-body effects on the
echo peak signature arising from interaction-induced quantum fluctuations. In particular, we show that these
quantum fluctuations induce a finite nonrephasable broadening and examine how the echo peak is influenced by
the attractive or repulsive nature of the collective excitations.
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I. INTRODUCTION

Linear response theory underlies most of the traditional
experimental techniques in quantum many-body physics. In
such experiments, results can be interpreted from the per-
spective of two-point correlation functions of appropriate
operators. In the case of electron systems, paradigmatic ex-
amples include density operators for x-ray scattering [1,2],
current operators for optical spectroscopy [3] and trans-
port [4,5], and electron creation and annihilation operators for
scanning tunneling microscope [6] and angle-resolved photo-
electron spectroscopy [7] experiments. Collective excitations
manifest themselves as peaks in the response functions and
provide clear signatures of underlying many-body states. In-
vestigations of collective modes using linear response probes
have been ubiquitous in physics, chemistry, biology, and
material science. However, despite their immense accomplish-
ments, these techniques also present certain shortcomings. For
instance, understanding the origin of the excitation broaden-
ing can be challenging since different mechanisms often result
in similar lineshapes. The extension of linear response mea-
surements to the nonlinear regime, and the consequent access
to higher-order correlators, has opened the door to circum-
vent some of these limitations. Of special relevance are the
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accomplishments of nuclear magnetic resonance (NMR)
[8-14] and its optical analogs termed multidimensional co-
herent spectroscopies (MDCS) [15-22]. For instance, these
approaches have been employed to identify different interac-
tion mechanisms between excitations [23-25], resolve energy
transfer pathways [26-29], classify bound states [30-32],
and disentangle homogeneous and inhomogeneous broaden-
ing [33-35].

In condensed matter systems, the characteristic low-energy
excitations typically lie in the terahertz (THz) frequency
range, including Josephson plasmons in high-temperature
superconductors [36—41], magnons [42—44], and cyclotron
orbits in a two-dimensional (2D) electron gas [45,46], among
many others. Historically, the well-known THz gap [47]
has hindered the use of nonlinear probes in studying said
low-energy excitations. However, the recent progress in ter-
ahertz technology [48,49] has led to the development of a
terahertz analog of multidimensional optical spectroscopies,
known as two-dimensional terahertz spectroscopy (2DTS)
[50-60]. In recent years, this technique has been applied to
a wide range of condensed matter systems, including su-
perconductors [61-68], correlated metals [69] and insulators
[70], ferroics [71-74], topological materials [75-77], and spin
liquids [78-80] and ices [81].

Similarly to MDCS, 2DTS is poised to be a promising
technique to disentangle different sources of broadening in
a correlated many-body system. However, the applicability
of the standard interpretation in terms of homogeneous and
inhomogeneous broadening in a system of isolated two-level
systems (ITLS) becomes questionable when studying col-
lective modes. This is particularly relevant when examining
the impact of random spatial inhomogeneities on collective
excitations.

Published by the American Physical Society
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Echolike signatures in nonlinear spectroscopies of dis-
ordered quantum systems have been discussed in several
theoretical contexts, ranging from simplified toy models based
on ensemble averaging [82], to noninteracting electrons with
weak-localization corrections [83], and to studies that in-
corporate disorder primarily through numerical calculations
within specific microscopic models [76,84]. Despite this
progress, a controlled many-body framework that (1) targets
infrared-active collective bosonic excitations, (2) identifies the
diagrammatic origin of the echo physics, and (3) connects
microscopic disorder and interactions to phase-resolved 2D
spectroscopic fingerprints in a form that is directly applicable
to experimentally relevant collective modes has been lacking.

This paper provides such a framework for analyzing 2DTS
of collective excitations in the presence of static spatial
disorder and interactions. Employing a self-consistent field-
theoretical approach in the Keldysh formalism, we compute
the third-order nonlinear response of a many-body system
in the presence of disorder and obtain the characteristic
asymmetric (almondlike) echo peak signature in the 2DTS
protocol. In particular, we demonstrate the nonperturbative
nature of the rephasing physics and the necessity to con-
sider the infinite series of noncrossing disorder diagrams.
In the weak nonlinear regime, the self-consistent nature of
our framework allows us to derive a general analytical rela-
tion between the disorder-dressed vertex and the self-energies
associated with elastic and inelastic scatterings [Eq. (39)].
This expression recovers the well-known echo peak phe-
nomenology from ITLS ensembles, which emerges from the
interplay between the two broadening mechanisms and ex-
plains the characteristic almondlike signature in the presence
of static disorder. Furthermore, we generalize the previous
expression to account for quantum fluctuations arising from
many-body correlations [Eq. (40)]. We discuss how strong
interaction-induced quantum fluctuations affect the echo peak
phenomenology and, in particular, act as a source of broad-
ening that cannot be rephased, rendering perfect rephasing
fundamentally unattainable in interacting many-body sys-
tems. Finally, we discuss how the attractive or repulsive nature
of the collective excitations modifies the echo peak signature.

The rest of the paper is organized as follows. In Sec. II, we
introduce the 2DTS protocol and provide an intuitive discus-
sion of the signatures of disorder in the 2D maps. In Sec. III,
we describe our theoretical approach to compute the nonlinear
2D maps within the Keldysh path integral formalism and
provide a general equation for the third-order susceptibility
in terms of the linear susceptibility and the “dressed” vertex.
In Sec. IV, we outline a conserving calculation of the third-
order susceptibility and the associated 2D map for a system
without disorder. Then, in Sec. V, we detail the calculations
of the 2D map considering static disorder. In Sec. VI, we
discuss the signatures of the 2D map in the weak nonlinear
regime, and in Sec. VII, the effect of interaction-induced
quantum fluctuations. Finally, in Sec. VIII, we present our
conclusions and outlook. Although the main text focuses on a
single collective excitation in d = 2 dimensions, Appendix F
derives the corresponding echo signatures in d € {1, 2, 3},
and Appendix G generalizes our analysis to multicomponent
collective modes, highlighting the broad applicability of our
approach.
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FIG. 1. (a) Cartoon of the standard two-dimensional terahertz
spectroscopy protocol. External perturbations E4 and Ep are sent
with a relative time delay t (b). After a waiting ¢ with respect to
the arrival of the second pulse, the measurement of the resulting
nonlinear signal S, is performed.

II. ECHO PEAK IN MANY-BODY SYSTEMS: ITLS AND
COLLECTIVE EXCITATIONS

To set notations for subsequent discussion of disordered
quantum many-body systems, we first describe the standard
2DTS protocol and introduce the 2D map. Then, we provide a
qualitative discussion of the difference in the signatures of dis-
order in the 2D map for ITLS and collective excitations, and
motivate the necessity for a reformulation of the interpretation
of the disorder effects.

The standard 2DTS protocol can be summarized as fol-
lows: An external perturbation consisting of two identical
excitation pulses, denoted by E4 and Ejp, separated by a time
delay T > 0, is sent toward the sample. After the arrival of the
second pulse, the system is left to evolve unperturbed for time
t > 0, after which the measurement is performed to obtain the
signal S(t,t) (see Fig. 1). In this type of protocol, both the
linear contributions in E4 or Ep, and the self-nonlinearities
proportional to E3 and E} are usually filtered out experimen-
tally. This leaves behind a purely nonlinear signal Sy (z,?)
with terms proportional to E;Ep (A) and ExE; (B). Assuming
the pulses to be perfect Dirac delta functions, the EjEB signal
can be obtained from the third-order nonlinear response y )
via

3
dw; ) B
SQ](L T)=3 / 1_[ 2_l X(3)(w3’ s, wl)eft(w1+w2)refzwt’
T
i=1

ey

and similarly for the EAEé signal:

3
— dw; . .

S 1) =3 / [152 xP@s. 02 0ne™ e ™, @)
i=1

where @ = w; + w, + w3. The 2D map is subsequently ob-
tained upon performing a double Fourier transform with
respect to t and 7 restricted to r > 0 and 7 > 0. Of special in-
terest in multidimensional spectroscopy is the so-called echo
peak, or rephasing peak, a nonlinear signal contained in the
EAE} contribution of the 2D map, analogous in nature to the
spin echo [85]. This peak has been successfully employed in
NMR and MDCS to disentangle and quantify the presence
and strength of homogeneous and inhomogeneous broaden-
ing [86]. We now discuss and contrast the echo peaks for ITLS
and collective excitations. We note that the E4E} contribution
contains an additional nonlinear feature, the so-called non-
rephasing peak. While it has been put forward as an interesting
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FIG. 2. (a), (b) Cartoon of the effects of disorder on ITLS and
collective excitations. In panel (a), an ensemble of two-level systems
(spin precession) has a Larmor frequency that depends on their
position in space. Their collective signal exhibits broadening due
to decoherence, i.e., oscillations of different ITLS in the ensemble
occurring at different frequencies. In panel (b), a collective excitation
undergoes elastic scattering events due to the presence of disorder in
the sample. This series of scattering events results in a finite lifetime
for the excitation. Below, the echo peak in the clean and disordered
limits, and slices along the diagonal (teal) and cross-diagonal (or-
ange) of the echo peak for ITLS and disordered collective excitations
with interaction strength g/m?* = 0.25, disorder V;?/m?*v? = 2, and
inelastic damping y /m = 0.015, defined in Egs. (8), (23), and (39),
respectively. When all scattering events come from static disorder,
the echo peak for ITLS is strongly asymmetric with a cut along the
cross-diagonal becoming infinitely sharp; for collective excitations,
the asymmetry is less pronounced and the cut along the cross-
diagonal presents a finite width due to the presence of many-body
correlations. Note that for the sake of visualization, we have included
a finite small damping to the ITLS echo peak of y /m = 0.015, since
otherwise, it would be infinitely sharp along the cross-diagonal.

nonlinear probe of strong fluctuations [60,82], it does not
disentangle homogeneous and inhomogeneous contributions
to the broadening, much like linear response measurements.
We therefore use it as a baseline for comparing the echo peak’s
ability to separate these contributions.

First, consider an ensemble of noninteracting ITLS spa-
tially distributed such that their Larmor frequencies depend
on their position [see Fig. 2(a)]. In the simplest theoretical
treatment, one introduces the linewidth y, characterizing the
T) and T, processes (homogeneous broadening), and assumes
a Gaussian distribution for the Larmor frequencies with mean
wp and variance o2 (inhomogeneous broadening). Under these
assumptions, the time-domain echo nonlinearity in a 2-pulse
protocol can be obtained exactly [86]:

S(z,1) ~ O(T)0(t)e 0Dy (+T) p=02(=T7/2 (3

The success of two-dimensional spectroscopy in disentan-
gling homogeneous and inhomogeneous broadening is due
to the rephasing nature of the echo peak, which exhibits a
distinct time dependence on the terms proportional to y and
o . This distinct time-dependence not only results in a charac-
teristic almondlike shape for the echo peak, but also enables
a simultaneous fitting procedure for y and o based on two
orthogonal diagonal cuts of the echo peak along w, + w, [86]
[see Figs. 2(a) and 2(b)].

Consider now a many-body system that hosts infrared-
active collective modes with dispersion €. Under optical
driving, excitations are created and annihilated predominantly
at zero momentum and thus oscillate at their resonance
(“mass”) frequency. If the medium is disordered, static impu-
rities break translational invariance so that momentum is no
longer a good quantum number, and elastic scattering renders
the collective excitations finite lived. Nevertheless, transla-
tional invariance is restored after disorder averaging, and the
mismatch between the velocities of light and the collective ex-
citations ensures that the external drive predominantly couples
to zero-momentum modes. From a field-theoretic perspective,
it is therefore natural to describe the dynamics in terms of
the momentum- and frequency-resolved propagators, Dy (w).
In this representation, disorder gives rise to a finite lifetime
encoded in the imaginary part of the self-energy, ImX(k, w).
This contrasts with the ITLS case discussed above, where
static disorder does not intrinsically damp an excitation but
instead produces an ensemble distribution of resonance fre-
quencies. Consequently, the homogeneous/inhomogeneous
classification is not a robust organizing principle for collective
modes in this representation. Instead, when formulating two-
dimensional spectroscopy within the standard diagrammatic
field-theory framework, it is more natural to distinguish be-
tween elastic broadening due to static disorder and inelastic
broadening generated by, for instance, interactions with other
dynamical modes. As a final remark, let us emphasize that
the problem may also be formulated in the basis of disorder
eigenstates. In that basis, and in the absence of strong quantum
fluctuations, the excitation linewidth is expected to remain
sharp, unlike in the momentum representation. However, as
discussed above, the external perturbation couples not to indi-
vidual disorder eigenstates, but rather to the zero-momentum
sector. As a result, it excites a broad superposition of disorder
eigenstates, leading to dephasing and ultimately making this
representation analytically less convenient than the standard
momentum-space treatment.

Having established the breakdown of the separation be-
tween homogeneous and inhomogeneous broadening, we now
address the rephasing nature of the echo peak in a many-
body system. In the simplest scenario, the essence of the
echo peak and its characteristic almond shape relies on the
system evolving with opposite frequencies, —w and w, dur-
ing time delays t and ¢ [cf. Eq. (3)]. Correlations between
two excitations—one present during the interval t and the
other one during interval r—are therefore essential. The two
excitations must perform correlated elastic scattering events,
such that they explore virtual intermediate states on the same
energy shell (with opposite sign). Intuitively, this can happen
when both scatter off the same impurity. These correlations
are captured by disorder-induced vertex corrections to the
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interaction vertex I, which must therefore be included in the
analysis. However, not all vertex corrections have a rephasing
nature, implying that either only a partial rephasing is pos-
sible or the rephasing diagrams are strongly peaked at the
echo diagonal to compensate for the finite lifetime induced
by disorder. As we discuss in Sec. VI, in the absence of
inelastic scattering and neglecting interaction-induced quan-
tum fluctuations, the rephasing contributions indeed present
a divergence in the echo sector, thereby enabling perfect
rephasing in this limiting case. Here, by interaction-induced
quantum fluctuations we mean corrections to the excitation
lifetime that arise from virtual processes involving a transient
exchange of energy with other modes, such as virtual emission
and reabsorption. These processes can be interpreted as the
many-body analog of the linewidth that appears in an iso-
lated two-level system under a (time-dependent) fluctuating
magnetic field. Hence, when such quantum fluctuations are
taken into account, we can demonstrate that perfect rephasing
is fundamentally unattainable (see Sec. VII). In conclusion,
rephasing in collective excitations is possible, although only
partially, and thus one can also expect a similar, but not
identical, almondlike signature in the echo peak [compare
Figs. 2(a) and 2(b)]. Furthermore, from a theoretical point of
view, disorder-induced vertex corrections must be taken into
account to capture rephasing effects. For the interested reader,
Appendix D provides an intuitive discussion of the locations
and shapes of the 2D spectral features, interpreted through the
diagrammatic formulation developed in this work.

III. NONLINEAR RESPONSE
IN THE KELDYSH FORMALISM

This section provides a general introduction to the com-
putation of third-order nonlinear responses in the Keldysh
formalism, alongside an intuitive understanding of the dia-
grammatics involved. We follow closely throughout [87-90]
for the field theory discussion and [15] for the nonlinear
response. The structure of this section is as follows: In
Sec. Il A, we introduce the generic ¢* model to study the non-
linear response of collective bosonic excitations and discuss
how to express nonlinear response functions as correlators in
the Keldysh formalism. In Sec. III B, inspired by the lowest-
order approximation in interaction strength to the nonlinear
response, we argue for the general diagrammatic structure
of x®.

A. Model and general considerations

We begin by considering a noninteracting relativistic action
for a real scalar bosonic field ¢ of the form

&wl=/Qn/d%%na¢f—URV¢f—n%¢} @)
C

where C denotes the Keldysh contour, v the velocity, and my
the bare mass. To perform the integral along the Keldysh
contour, we introduce two bosonic fields ¢ and ¢~ that
reside in the forward and backward parts of the time con-
tour, respectively. The noninteracting retarded, advanced, and
Keldysh Green’s functions are given in the Keldysh rotated

basis ¢ = ¢ & @9 by

i r—r.1—1)= /D[w] ¢ (r, )P (1, 1),
®)

with o, B = {cl, q}, which further presents causality structure
typical of the Keldysh propagator:

DS‘S _ D(I):(r—r:,t — t:) Dg(r —r,t—1t) ®
Dyr—r,t—t) 0

Note that D includes 1/Trpy, with pp the equilibrium

density matrix, following the standard Keldysh path inte-

gral measure [88]. Equivalently, the Green’s functions in
frequency-momentum representation are given by

R/A _ l 1
Do) = oz =
Df (k, ») = F(0)[Df (k, ©) — D} (k, )]

T oth( s 5 7
——Z—cho (ﬁ)[ (0 — &) —8(w+e€)]. (7)

Here, ¢, = v'mj + v*k* is the bare energy-momentum dis-
persion relation, n = 0" is the (anti)causal regularization,
F(w) = coth(w/2T) is the equilibrium distribution function,
and T is the temperature of the system. We consider an inter-
action between the bosons given by a generic ¢* term:

Simlg] = —/dt/ddr 8 g
. 41

z_/ m/ﬁwfm%wﬁ+w%%ﬂ ®)

In order to evaluate the response of the system to an external
perturbation, we further introduce a drive/source term in the
action given by

Sdrive[ﬁo’ ]] = / dt/ddrjw
c
=f m/¢ﬂ¢%+ﬂﬁ) )
—00
and define the partition function Z[j] as
Z[jl1= /D[god, (pq]eis[‘/’d’(pq~jCl:jq]+iSdnve[(/7vj]’ (10)

where S[e, j1 = Sole] + Sint[¢]. In the Keldysh formalism,
the measured physical field is given by (¢°(¢)) and the re-
sponse functions are obtained by differentiation with respect
to the physical sources j°'. The third-order response function
in frequency-momentum representation can be obtained by
differentiating with respect to classical sources

3) )
Xicky Jey Jey (@3 @3, 02, 1)

___ )
8 jih (@3)8 j! (@2)8 5! (1)

i 8z
28y (@) i (@)8 i (@235 (@) |

—8i{pf ()gg, (3)gy (@2)g (1)), (11)
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such that the expectation value of the boson field at time 7 is
given by

dw dw
(‘/’I:I(t))m L3d Z / - 5=

ki k> ks

dws )

S Nk e (03 w3, w2, 1) jky(w3)

X Jiy (@2) ik, (1) e 12)

For time- and space-translationally invariant systems,
(@5 (@) (@3)¢f (@)@} (1)) ~ 8w — @)8*(k — k), with
@® = w) + ws + w3 and k = k| + k, + k3. Note that causality
imposes that x ™ (t,, t,1, ..., t1) = 0 if #; < 0. Furthermore,
in the absence of interactions, it is clear that Eq. (11)
vanishes due to the presence of (p4¢9) in all possible Wick
contractions. We note that some of the results presented
here can also be found in the context of the one-dimensional
transverse field Ising model in Ref. [91].

B. Diagrammatic representation of x®

In this work, we focus on the situation where the field
perturbing the system, j, couples to the zero-momentum com-
ponent of the bosonic field, ¢, and measurements of the
bosonic mode are also performed at k = 0. This is indeed the
standard scenario when light is used to drive an excitation
in a condensed matter system, for example, in Ref. [62].
Therefore, we drop the spatial/momentum index in the rest
of this subsection, understanding that light always couples to
the collective excitation at zero momentum.

To lowest order in the interaction, the third-order nonlinear
response is given by (see Appendix A for a detailed deriva-
tion)

X (@1, 02, 3) = =g x V(@) x V(@) x P (@3)x (@),

13)
with x (V(w) = —2DR(w), which readily recovers the “mean
field” response obtained in Ref. [82] from an equation-of-
motion formulation. The diagrammatic representation of y )
in Eq. (13) allows for a rather intuitive interpretation of the
processes involved in the nonlinear response. The first-order
perturbative calculation can be represented as

w

W1
X (ws, wa, wr) = >\ : (14)
w2 w3

The dashed-to-solid line represents the retarded Green’s func-
tion of the boson and thus establishes the arrow of time. The
dot simply denotes the nonlinearity strength g coming from
the * term in the action. Thanks to the built-in causality, the
diagram in Eq. (14) can naturally be interpreted as a four-wave
mixing process. First, three collective modes with frequencies
w1, wy, and w3 are excited in the material (note the possibility
of oscillating at negative frequencies). At some point, the three
excited modes are combined via a four-wave mixing process
into a new mode with frequency ® = w; + w, + w3, which
then propagates through the material; this is the mode that is
eventually measured by the protocol. The separation between

the incoming and outgoing modes is naturally built in the
Keldysh formalism and provides an intuitive understanding of
the processes involved in the nonlinear response.

From the diagrammatic representation of x ®) in Eq. (13),
we expect that the full nonlinear susceptibility can be obtained
by dressing the external propagators via the self-energy X
and by including vertex corrections to the four-wave mixing
process I' (see Appendix B for a formal proof). That is, the
external leg structure of the diagram remains the same; this
can be depicted diagrammatically as

1
X (w3, wa, wi) = il (w3, wa, wi) HX(I) i)

W1 w,
N\ A (1)
= ;
wo w3

where wy = @, and with the dressed propagator given by
Dyson’s equation:
se e = —e—— - - = = p—— (16)
We thus conclude that once T and x (! are known, we have
fully determined the third-order nonlinear response. Further-
more, from this interpretation of the x ® response, it becomes
clear that the location of the peaks in the 2D map is deter-
mined by the excitation linewidth, or equivalently, by the sup-
port of the imaginary part of the self-energy. The vertex I" can
only “redistribute” the weight in the vicinity of said support.

In this work, we adopt a conserving nonperturbative ap-
proach based on the Baym-Kadanoff construction [92,93].
This allows us to obtain the vertex I" and linear response x ‘"
in a self-consistent manner. However, we envision that other
nonperturbative approaches [94-96], such as the functional
renormalization group, could be employed to obtain the 2D
map beyond our current analysis.

To demonstrate the capabilities of our framework, we pro-
vide in the next section a derivation of x in the absence
of disorder, which already shows the effects of many-body
correlations in the 2D map. The reader interested only in
the effects of disorder in the nonlinear response can directly
proceed to Sec. V.

IV. RANDOM PHASE APPROXIMATION

As an initial demonstration of the computational capa-
bilities of the formalism developed in the previous section,
we consider, in the absence of static disorder, the lowest-
order conserving approximation in g, corresponding to the
random phase approximation (RPA). This section is divided
into two subsections. The first subsection focuses on the de-
tailed calculation of x® within the RPA, providing all the
relevant diagrams and deriving the corresponding self-energy
and vertex corrections. The second subsection examines the
signatures of the 2D map peaks through both analytical re-
sults and numerical simulations, while elucidating important
connections with linear response measurements and previous
theoretical work [82].
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FIG. 3. (a) Luttinger-Ward functional approximation to lowest
order in the interaction and subsequent contributions to the self-
energy and vertex. (b) Diagrammatic representation of the Bethe-
Salpeter equation for the full vertex within the RPA approximation.

A. x® within RPA

In this subsection, we employ the Keldysh formalism to
compute x ® within the RPA. In order to have a conserving
perturbative expansion, we begin by writing the lowest-order
approximation of the Luttinger-Ward functional and its result-
ing contributions to the self-energy and vertex (see Fig. 3).

J

The bare bubble can be computed directly as

1. Self-energy

The self-energy calculation results in a constant term (po-
tentially diverging depending on the dimensionality)

6P [D i dQ)
Yy(w) = (W(w}) _Q__._ L%Zk:/%pf(g),

a7

which renormalizes the mass. We subsequently fix the renor-
malized bare mass my to match the physically observed
mass m.

2. Vertex

The bare vertex is obtained by cutting open two Green’s
functions from the Luttinger-Ward functional [see panel (a) in
Fig. 3] and it is simply given by

52®[D] 2y
o___ o0®D _
D = PR @DRw) — =9 as)
[see Eq. (13)].
3. Bubble
)
Z/gpif(w +Q)DE(Q). (19)
k

“a 229
abnle) = @ ~ I

4. Third-order response

Collecting all the previously computed ingredients, the vertex correction is simply given by (note that the external legs have

been amputated)

ilrpA (W3, w2, w1) =

+ permutations — 2 e |

s 20
1 - @(w1+w2) 20)

and we arrive directly at the third-order response

3

3 8
X (@3, 0, @) = (28 - Z

Do) D (w2)x Vws)x D (@), 21
2 l—gBo(w1+w2+w3—a),-)>X (@)x" (@)X (@3)x" (@) 21

il'rpa (03,02,01)

with x (U given by Dyson’s equation [see Eq. (16)]. Note that for By < 1, the RPA result asymptotically approaches the lowest
order or “mean field” calculation [see Eq. (13)]. In the classical limit, T > €, this result is the analog of the sum of both “mean
field” and “squeezing” contributions presented in Ref. [82]. As such, it serves as a generalization to the quantum limit and shows
that the Gaussian state ansatz for x @) corresponds to a vertex correction within the RPA.

B. 2D maps within the RPA
The tree-level approximation of the nonlinear response [see E(i1 (13)] provides a reasonable approximation of the 2D map
when the nonlinearity g is small. Assuming a finite broadening 7, the map 1s given by

S0~ 26n— i, + 30,))
U (=in 4 m — ) (=3in4 m— ) (in + m + @) (3in— 3m + ) 3in +m + o,)3in + 3m + o) (—in +m — 0 )in +m+ ;)

(22)
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FIG. 4. (a) Two-sided Feynman diagrams for bosonic excitations. The solid arrows indicate the interaction with the first and second pulses
E, and Ejg, while the dashed arrows represent the measurement. First two diagrams correspond to the ITLS-type paths, while the third is
particular to bosonic excitations. Bosonic excitations can explore states beyond |0) and |1) resulting in asymmetric decay factors in T and ¢, as
discussed in Sec. IV B, and the possibility to end in a different state than the initial one after the protocol. (b) Nonrephasing peak experimentally
obtained in Ref. [62] and theoretical nonrephasing peak from Eq. (22), with n/m = 0.1, displaying the vertical elongation typical of bosons.
(c) Theoretically obtained absolute-value echo peak and its cuts along the diagonal (Diag) and cross-diagonal (Cross). Both cuts follow the
spectral function of the single-bosonic excitation Imy V), in dashed gray, when the vertex corrections are small.

This expression provides valuable insights into key aspects
of the 2D map for nonlinear collective excitations. First, the
poles in Eq. (22) exhibit a damping given by 5 or 37, instead
of the expected n from the ITLS perspective. The appearance
of these two different damping rates can be understood by
tracing the different pathways contributing, for instance, to
the echo response [see Fig. 4(a)] for a two-sided Feynman
diagram interpretation. We identify the terms proportional to
e 1+ ag the prototypical echo peaks of ITLS, correspond-
ing to the first two paths in Fig. 4(a). However, we also obtain
an additional contribution proportional to e 7+ which
corresponds to the last path in Fig. 4(a). Note that this term
contains a larger decay rate during the second time delay due
to the fact that three excitations are coexisting during this time
evolution. Since this extra path comes with a relative minus
sign with respect to the previous two, adding up the three
contributions results in an elongated peak along the t axis
(vertically), as can be seen in Fig. 4(b), where we present the
experimentally observed nonrephasing peak in Ref. [62] and
the analytical result obtained from Eq. (22). Such contribu-
tion is absent in the ITLS scenario, and the peaks are fully
symmetric.

Even more remarkable and of practical interest is the fact
that if vertex corrections are moderate, the cuts along the
diagonal and cross-diagonal of the echo peak coincide with
each other and with the excitation linewidth, i.e., with the
linear response broadening. To illustrate this point, we plot
in Fig. 4(c) the absolute-value echo peak and its cuts as
well as the imaginary part of the linear response function for
the full RPA response [Eq. (21)], with moderate nonlinear-
ity g/m*> = 0.1. As can be seen, the overlap is remarkably
accurate; note the absence of any fitting parameters in the
comparison. We expect this feature to break down as soon as

vertex corrections start to play an important role, since the
nonlinear response directly depends on the vertex function
[see Eq. (15)]. One of the main contributions of the vertex
is the inclusion of scattering corrections in the form of virtual
quantum processes. Therefore, the 2D map contains relevant
information regarding the interaction between the collective
modes and it can reveal intriguing phenomena, such as bound
state formation, the discussion of which will be presented
elsewhere.

V. ELASTIC SCATTERING

This section provides a quantitative discussion of the com-
putation of the third-order nonlinear response of collective
excitations in the presence of disorder. Section V A is devoted
to building an intuitive understanding of the necessary sub-
class of diagrams essential to capture the rephasing physics.
In Sec. V B, we obtain the self-energy and full disorder vertex
in the presence of disorder. Then, in Sec. V C, we extend the
diagrammatic calculation of x® to account for the disorder-
induced corrections to the self-energy and vertex.

We consider an elastic scattering term in the action given

by
—/dt/ddr—v(r)goz(r,t)
c 2

—/wmfﬂﬂwnWmowmn,(m)

Sais[@]

and assume a disorder distribution that is Gaussian and flat,
ie, V=0and V(r)V(r) = VI8 —r). Here, V@ = V24,
where V2 characterizes the strength of the disorder and £ its
(short-range) correlation length. Integrating out the disorder
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FIG. 5. Intuition behind the diagrams for the echo peak. In panel
(a), a disorder line correlates w;, which corresponds to the first time
oscillation, with @, which corresponds to the second time delay oscil-
lation. This results in the diagram presenting the rephasing structure.
In panel (b), two examples of vertex corrections that do not correlate
wy, with @, resulting in contributions that do not exhibit the rephasing
structure. In panel (c), a nonperturbative ladder resummation for
noncrossed disorder lines connecting modes with frequencies w;
and @.

IE\

results in a ¢-dependent action, with an effective disorder-
induced vertex given by

SSitle] = i/dt/dt’/d"rﬂ’o2
x o, 0, D (r, 1A, 1) (24)

The disorder vertex does not directly contribute to the non-
linear response x ) on its own due to its causality structure.
Specifically, this implies that there is no leading term in x®
solely proportional to V2.

A. Diagrammatic intuition of the echo peak

We expand here the intuitive discussion of Sec. II by
adapting it to the language of diagrammatics, and justify the
subclass of diagrams necessary to capture the echo signature.
As previously argued, the origin of the almondlike structure
of the echo peak relies on the system evolving with opposite
frequencies during time delays 7 and ¢. Following the notation
set by Eq. (2), the first (second) time delay t (#) is dominated
by the dynamics of w; (&). This can intuitively be understood
since during the first time delay, only the first pulse (w;) has
interacted with the system, while for the second time delay,
the effect of both pulses (@) is present. Combining this with
the diagrammatic representation in Eq. (15), we deduce that
the diagrams that have a rephasing nature are the ones corre-
lating propagators with frequency w; and @ [see Fig. 5(a)].
However, there are other diagrams that lack this rephasing
structure, specifically those that correlate propagators other
than the ones with frequencies w; and @ [see Fig. 5(b) for
two examples].

As we discuss in Sec. V C, in order to capture the effects of
disorder, it is not enough to consider the lowest-order disorder
corrections. This is due to the intrinsically nonperturbative
character of disorder effects [97]. In this work, we consider
the ladder resummation of the previously discussed class of
diagrams, i.e., the infinite series of noncrossing disorder lines

Fdis = + % Fdis

«

FIG. 6. (a) Luttinger-Ward functional approximation to lowest
order in disorder. (b) Bethe-Salpeter equation for the disorder vertex.

[see Fig. 5(c)]. By considering the infinite set of disorder lines
connecting the first and last excitation, we enhance the cor-
relations between them, which results in a dramatic increase
of the rephasing. However, the infinite resummation of non-
crossed disorder lines connecting other modes does not lead
to sharp signatures in the echo peak. In the next subsection,
we proceed to perform the ladder resummation of the disorder
effects without considering nonlinearity.

A second family of diagrams involving impurity scattering
crossings can be considered beyond the ladder approximation.
However, similar arguments to the fermionic counterpart can
be applied to safely disregard them in the limit of Et, >
1 [97,98], where E is the typical excitation energy and .,
is the elastic collision time, which can be associated with
the decay time of the single-boson propagator. The typical
energy scale can be associated with the boson mass E ~ m,
and the typical collision time 7,”! ~ V;?/v¥m can be obtained
from the Born approximation to the impurity scattering [see
Eq. (25)]. The validity of the ladder approximation thus relies
on (mv??/Vy)? > 1.

B. Ladder resummation of disorder

The Luttinger-Ward functional for the noninteracting dis-
ordered system is depicted in Fig. 6. By performing a
derivative of the functional with respect to D®(w), we obtain
the self-consistent self-energy within the Born (noncrossing)
approximation (v = 1 henceforth),

4V
Sy (w) = =<7 2 Diw). (5
k

In principle, this equation has to be solved self-consistently
for the real and the imaginary part. However, the real part
corresponds to an unimportant shift and therefore restrict our-
selves to the imaginary part. It is worth noting the following
relation of the self-consistent equation:

4V
MYy (0) = L—g 3 1DF (@) IS (). (26)
k

Assuming a momentum-independent total self-energy X(w),
we can further simplify the self-consistent equation to

Im% 4v?
Tomy = 10 L@l e
k
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Having obtained the disorder contribution to the self-
energy, we proceed to compute the vertex correction in the
cl-g-cl-q channel. The bare disorder vertex Fé?s) can be ob-
tained within the Baym-Kadanoff formalism by taking a
functional derivative of the self-energy,

(0) 02y (wa)
Lais (k3 Wa,wp) = ——f— = . 28
d 5D () %)

Finally, to obtain the full disorder vertex I'g; we solve the
Bethe-Salpeter equation that is depicted in Fig. 6(b),

2V
1 — Virtk; wg, wp)’

Cais(k; wq, wp) = (29)

where we have introduced the disorder bubble:

4
Mk; 00, @) = 75D Dy (@)D @) (30)
q

For k=0 and under the assumption of a momentum-
independent self-energy, we can obtain an important exact
relation between the disorder bubble and the self-energy. First,
we rewrite A(0; w,, wp) by means of a simple fraction decom-
position as

ﬁ 2y Df;(a)a) - ﬁ 2y Df(wb)

)‘«0» as = )
(0: a, 5) 2(@) — B(wp) — 202 + 207

(€29
and assuming there exists a self-consistent solution to
Eq. (25), we arrive at

1 Sv@) = Tv@)
VZ S(wa) — Z(wp) — 202 4 202

A(0; g, wp) = (32)

In particular, and of special interest for the upcoming section,

for w, = —wp = w it simplifies to
1 ImX
A(0; 0, —w) = _zm—v(a)) (33)
Vi ImX(w)

Note that the limit w, = @, = w is also well defined, and by
means of Eq. (25) can be found to be determined by

4
M0:0,0) = o > [PRw)], (34)
q

in agreement with Eq. (30).

Having obtained the RPA resummation without disorder
and the full disorder vertex without interaction, we proceed
to compute the effects of disorder on the nonlinearity.

C. x® in the presence of disorder

To capture the echo physics, it is essential to include
disorder corrections to the interaction vertex, as discussed
in Sec. II. This is achieved by introducing an additional
disorder-interaction contribution to the Luttinger-Ward func-
tional within the noncrossing approximation, illustrated

W
w
w

:."" Fdis

u

»
w »

FIG. 7. Luttinger-Ward functional employed for the computation
of x® in the presence of elastic scattering. In addition to the RPA
contribution and the disorder contribution, the last term corresponds
to an interaction-disorder term.

in Fig. 7. Specifically, we incorporate the infinite series of
noncrossing disorder diagrams into the functional by using
I4is instead of Fé?s) . Notably, x® obtained when considering
only Fc(l?s) does not exhibit the almondlike signature in the
echo peak, although it provides an instructive hint toward the
correct physical mechanism. For completeness, the details of
this calculation, along with the resulting 2D map signatures,
are presented in Appendix C. The necessity to consider I'gis
underscores the nonperturbative nature of the echo peak sig-
nature in relation to disorder and highlights the potential of
2D spectroscopy as a tool for probing more complex disorder
effects. Following the same structure as in Sec. IV, we pro-
ceed to evaluate the necessary diagrams to obtain x @ in the
presence of disorder.

1. Self-energy

The interaction and disorder-only contributions to the self-
energy arising from the Luttinger-Ward functional are given
by Egs. (17) and (25), respectively. There are two additional
contributions coming from the disorder-interaction part:

+ "f Lais

Dy (w)Dys g () Dg ()

(35)

Furthermore, we include a bathlike term in the self-energy of
the form Xy (@) = —i2wy to capture the effects of inelastic
scattering.

2. Vertices

The bare vertices contributing to the nonlinear response
are given by taking a derivative with respect to the Keldysh
Green’s function and setting the external momenta to 0. The
RPA contribution is given in Eq. (18) and the interaction-
disorder contribution to the Luttinger-Ward results in the
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following vertices:

. 4
< Tais =g (Ld ZD,?(OJG)'DR,C(wb)> FdiS(O;wa,wb)
N k
L 2VEA(Oswg,w)
_7’91 _ ‘/02)\(0;&}(1’ (A.)b) — E*V(waa wb)a
1_‘dis

. 4
=ig (Ld Z D,?(wa)D,f(wb)> Cais (0; wa, wp)
k

%
%
\
>

_ 2V02)\(0;wa7wb)
“ITZVEN0; wa, wh)

= Tg—v(Wa,ws).
(36)

J

€
9Bais(w) = &

Tais

:Zig/

an (1
2m \ L4

> D w+Q)DE (Q))

Note that we have employed the inversion symmetry of our
system, €, = €_. In principle, inelastic scattering processes
could contribute to the vertex of the collective mode. How-
ever, vertex corrections can be safely disregarded in two
different scenarios: when the collective mode is coupled to
another massive collective mode with a significantly larger
mass, and when it is coupled to a continuum of quasiparticles
with a density of states sharply peaked at energies higher
than the mass. In Appendix H, we provide a microscopic
model for the former and demonstrate the irrelevance of vertex
corrections in this situation.

3. Bubbles

The bare bubble arising from the RPA contribution is given
by Eq. (19). The additional interaction-disorder term gives rise
to a second bubble given by

) = Zig/ g (le > DR w+ Q)Df(ﬂ)) (;d > Diw+ Q)fo(@)) Lais(0;w + Q, w)

2VEAN0;w + 2, 9Q)
VN Oiw+ 0, Q)

(37

This concludes the calculation of all the necessary ingredients to compute x ) in the presence of disorder within our noncrossing

approximation.

4. Third-order response

Collecting all the pieces together, the vertex iI" is diagrammatically given by

Fd is

”
%
0+\
S

(wi,w2) + <

I‘dis ((‘jg7 LZ})

il (w3, wo,w1) =

1 - @(w1+w2) -9

S

+ permutations — 2 e s (38)

(
1—‘dis

) (w1 =+ WQ)

where permutations refer to unique pairs without accounting for the frequency ordering. In total, there exist three such

permutations.

VI. WEAK NONLINEAR REGIME

With all the necessary ingredients for computing the non-
linear response of a collective excitation in a disordered
many-body system, we now proceed to study the effects
of disorder on the 2D map in the weak nonlinear regime
(g/m* < 1). In this limit, self-energy and bubble diagrams
that couple disorder and nonlinearity can be disregarded [see
Egs. (35) and (37)]. These processes lead to virtual frequency
transfers and correspond to quantum fluctuations of the vac-
uum coupled to the disorder potential. Their effects on the 2D
map will be discussed in Sec. VII.

In agreement with the intuition put forward in Sec. II,
we find from a quantitative perspective that the cen-
tral ingredient to capturing rephasing effects in the echo
peak lies in the vertex corrections induced by the static

(

disorder Ty_v (w4, wp). In Fig. 8(d), we present a color plot
of the absolute-value disorder-corrected vertex. As can be
directly seen, the contribution is most notable in the vicinity
of w, = —w, and for |w,|, |wp| > m. This asymmetry be-
tween the two diagonals, favoring opposite sign frequencies,
heralds the echo physics contained in the vertex correc-
tion and, in turn, is responsible for the appearance of the
characteristic almond-shaped peak in the echo nonlinear-
ity. Setting w, = —wp = w in Eq. (36), the importance of
relation [Eq. (33)] becomes evident. For the current dis-
cussion, we have Im¥(w) = ImXZy (w) + ImEp,m(w), with
Ypan(@) = —i2wy, and we find for T,_y, defined in
Eq. (36),

Im¥y(w) .
ImXpam(w)

—ImXy (w)
wy '

Te-v (0, —w) = 2ig (39)
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FIG. 8. Weak nonlinear regime of the 2D map in the presence
of disorder. (a), (b) Evolution of the nonrephasing and rephasing
(Echo) peaks for the small g limit in the inelastic, intermediate,
and elastic regimes, with values V@/m* = {0, 1.5,3} and y/m =
{0.1, 0.075, 0.05}, respectively. The nonrephasing peak [panel (a)]
becomes broad in the presence of disorder while the Echo peak
[panel (b)] displays the characteristic almondlike signature signaling
the presence of elastic scattering. Note that the slight drift of the peak
to lower frequencies is a consequence of the damping induced by
the disorder. (c) Slices along the diagonal (teal) and cross-diagonal
(orange) of the echo peak. The dashed gray line corresponds to the
spectral function —Imy V. (d) Diagram and color plot of the absolute
value of the tree-level vertex correction in the presence of disorder.
The vertex correction is most prominent along the w, = —w, line
heralding the rephasing nature of the process. All the plots are ob-
tained in the d = 2 scenario.

This is the central analytical result of this section, which
highlights, in perfect agreement with the ITLS intuition, all
the expected trends as a function of the ratio V02 /my. Note
that Eq. (39) is, given our form of the self-energy, exact
within perturbation theory in g in all spatial dimensions. We
discuss in the following the inelastic (VO2 /my & 1) and elastic
(V¢/my > 1) limits.

In the inelastic scattering-dominated regime, we can treat
the imaginary part of the Born self-energy perturbatively.
Since the self-energy is bounded, 7,_y scales as VO2 /my and
thus vanishes as VO2 /my — 0. Consequently, the disorder-
induced vertex corrections vanish and the echo peak remains
symmetric, as discussed in Sec. IV. Note that even in the limit
of ® — 0, since —ImZy (w) ~ Viwy /m*~4, T,y is finite
and thus vanishes with VO2 — 0, as expected.

In the elastic limit, 7,—v (w, —w) diverges as VO2 Jwy and
the 2D map displays a line of singularities at the echo
diagonal, i.e., perfect rephasing. Intuitively, such a diver-
gence can only occur for frequencies larger than the mass,
where the system can oscillate, and can be confirmed by
looking at the support of the disorder-corrected vertex [see
Fig. 8(d)]. This divergent behavior bears an interesting con-
nection with the physics of electrons and light in disordered
media. Specifically, we are encountering the analogous of
the diffuson pole at zero momentum for the collective
excitation [97-99].

Having discussed both limits, we plot in Figs. 8(a) and 8(b)
the evolution of the nonrephasing and rephasing (echo) peaks
in the inelastic, intermediate, and elastic regimes. While the
nonrephasing peak only becomes broader following the ex-
citation linewidth, the echo peak exhibits the characteristic
elongation along the diagonal, qualitatively analogous to the
ITLS signature. This demonstrates the ability of the echo peak
to distinguish between elastic and inelastic processes in a
weakly nonlinear many-body system. An important difference
with respect to the ITLS scenario lies in the asymmetry of
the almondlike signature across the diagonal. In the ITLS
case, the Larmor frequencies are typically assumed to follow a
Gaussian distribution, leading to a symmetric echo peak with
respect to reflections along the cross-diagonal (cf. Fig. 2). In
contrast, for collective excitations driven at zero momentum,
there are no finite momentum states below the mass available
to be scattered into via the static disorder. Consequently, the
explored virtual states always have higher energies, result-
ing in an almond shape that is elongated exclusively toward
higher energies [cf. Fig. 8(b)]. This becomes especially ev-
ident when considering the slices of the echo peak across
both diagonals [see Fig. 8(c)]. We note that this asymmetry
is compatible with the echo peak experimentally measured in
Ref. [62]. Furthermore, we also plot in Fig. 8(c) the spectral
function in dashed gray and note that it deviates from the
diagonal slices of the 2D map. This is in stark contrast to
the discussion in Sec. IV B, where in the absence of strong
vertex corrections both diagonal and cross-diagonal cuts are
equivalent and coincide with the spectral function. As a final
remark, we emphasize that the single-mode discussion can
be generalized to nonlinear multicomponent ¢* models. The
corresponding results are presented in Appendix G, where
we discuss the interplay between coupled excitations and
disorder.

VII. STRONG NONLINEAR REGIME

Having established the connection between the stan-
dard ITLS intuition and the weak nonlinear regime of
our theory, we move on to the study of the interaction-
induced quantum fluctuations, which are naturally present
in our Luttinger-Ward functional. These include self-energy
corrections beyond the Born approximation and bubble re-
summations arising from solving the Bethe-Salpeter equation.
Numerical evaluation of the bubble corrections turns out to be
parametrically small and only relevant for g/m* ~ Vi /m?* ~
10, and therefore can be completely disregarded at this level
of approximation. On the other hand, we find that corrections
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arising from the self-energy are of utmost importance for the
echo physics in the many-body scenario.

In the small g limit, we have discarded the interaction-
induced quantum fluctuations arising from the self-energy in
Eq. (35). We want to understand how these corrections modify
the discussion of the previous section. Note that, in our case,
this additional self-energy term is a mixed contribution be-
tween the disorder and the nonlinearity X,y ~ gVO2, and it is
a function of momentum. Focusing again on 0w, = —wp = @
and combining Egs. (26) and (36), we generalize Eq. (39) to
arrive at (see Appendix E for a detailed derivation)

—ImZy (w) + O(w)
—ImZpyn (@) — Q)

Te—v(w, —w) = 2ig (40)

where Q(w) = (4VZ/LY) Y, IDi(w)| ImE,_y (k, w) encodes
interaction-induced lifetime broadening from many-body
fluctuations. Physically, it captures processes in which the
collective excitation transiently exchanges energy with other
modes (or with its own fluctuating cloud), e.g., through virtual
emission and subsequent reabsorption. As previously men-
tioned, Q(w) has only one contribution due to the choice
of our Luttinger-Ward functional, but Eq. (40) is general,
with Q(w) containing all possible momentum-dependent self-
energy corrections.

The first consequence of Eq. (40) is the fact that quantum
fluctuations due to the nonlinear nature of the excitations give
rise to an intrinsic dephasing that cannot be rephased via echo-
type experiments. Even in the absence of an inelastic bath
(Zpatn = 0), there is no perfect rephasing since there is no true
divergence in Eq. (40) when Q(w) # 0. This can be intuitively
understood, since the self-energy in Eq. (35) can be thought
of as an effective inelastic scattering for the excitation, i.e.,
with a simultaneous transfer of energy and momenta. In the
ITLS analogy, this energy fluctuation corresponds to having a
fluctuating B field, with a resulting linewidth broadening that
is not possible to remove via echo-type processes. We present
in Fig. 9(a) the evolution of a sharp echo peak as interactions
increase, considering Vi /m* = 3 and y /m = 0.01 (y is kept
finite due to resolution limitations). As can be seen, increasing
g has a similar effect as increasing y such that it effectively
broadens the peak and softens the almondlike signature [cf.
Fig. 8(b)].

Second, in the presence of a bath, interaction-induced
quantum fluctuations can enhance or suppress the echo re-
sponse, depending on the sign of Q(w). For example, in our
case, Q(w) depends linearly on g, such that its sign determines
whether 7,_y(w, —w) sharpens or broadens. In particular,
for g > 0, the rephasing is suppressed while for g < 0 it
is enhanced. Intuitively, two excitations traveling through a
disordered medium experience a larger correlated scattering
from the impurities if they are spatially closer together. The
evolution of the echo peak for different values of g is pre-
sented in Fig. 9 for V/m? =3 and y/m = 0.075. In the
center panel, we consider a perturbative g, such that Q(w)
is negligible and we recover the weak nonlinear regime. On
the right (left) panel, we consider the echo peak with a finite
positive (negative) sizable value of g displaying a quantum-
fluctuation-induced suppression (enhancement) of the echo
peak.

(a) Rephasing (Echo)
- | &
et .
3
@/m2 =0.01 | E/m2 =05 i’g/m2 =1|

(b)
E
~-1 \
3 -

[g/m? = —0.1] g/m? = 0.01] lg/m? =04

i 1 1
wi/m wi/m wi/m

FIG. 9. Echo peak in the presence of interaction-induced quan-
tum fluctuations. (a) Suppression of the echo peak due to the increase
of g for Vi /m? = 3 and y /m = 0.01. Quantum fluctuations arising
from interactions act as an additional source of dephasing that can-
not be rephased and destroy the almond shape of the echo peak.
(b) Quantum fluctuation enhancement (left panel) and suppression
(right panel) of the echo peak as a function of the sign of g, for
V¢ /m* = 3 and y /m = 0.075. All the plots are obtained in the d = 2
scenario.

VIII. CONCLUSIONS AND OUTLOOK

In this paper, we have introduced a framework for un-
derstanding disorder effects in the nonlinear response of
collective many-body bosonic excitations. Specifically, we
have shown that the standard treatment used for interpret-
ing two-dimensional spectroscopy, originally developed for
isolated two-level systems, breaks down in the presence of
many-body correlations. We have developed a quantitative
field-theoretical approach to calculate the third-order nonlin-
ear response in the presence of disorder within the Keldysh
formalism and employed it to compute the spectra of two-
dimensional spectroscopy of collective excitations. Through a
nonperturbative treatment of static disorder, we have demon-
strated that the echo peak exhibits an almondlike signature
that heralds the presence of elastic scattering. In the limit of
small nonlinearities, we have recovered the standard ITLS
phenomenology of the echo peak shape that arises from the
interplay between elastic and inelastic processes, and quanti-
fied it in terms of their respective self-energy contributions.
Furthermore, we have demonstrated that as interactions are
increased, strong quantum fluctuations can significantly alter
the shape of the echo peak and, in particular, act as a source of
dephasing that prevents perfect rephasing from being attain-
able in many-body systems.

Of particular interest, and serving both as the motivation
and inspiration for this work, is the study of the effects of
spatial inhomogeneity in the superfluid density on the Joseph-
son plasmon excitations of high-temperature superconducting
cuprates. Specifically, the recent experimental realization of
two-dimensional terahertz spectroscopy for the Josephson
plasmon of La,_,Sr,CuQO4 near optimal doping has unearthed
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intriguing features of the echo peak as a function of temper-
ature [62]. These results offer an ideal platform for applying
our theoretical developments to extract valuable insights into
the nature and effects of disorder in cuprates [100].

We envision that our work on two-dimensional spec-
troscopy of collective bosonic excitations can serve as a
foundation for investigating several intriguing open ques-
tions. A natural extension of this work would be to explore
the impact of real-space localization of collective excita-
tions on the echo peak. In this limit, the standard treatment
used in isolated two-level systems should become accu-
rate, allowing for a perfect rephasing and potentially serving
as a probe of localization. Of particular interest could be
the study of the nonlinear response of disordered Bose-
Einstein condensates, where Anderson localization has been
observed in the past [101,102]. Nonlinear spectroscopy
could provide a framework for understanding the impact of
nonlinearities on disordered systems, potentially leading to
insights into many-body localization [53]. Similarly to how
multidimensional-coherent spectroscopy probes biexcitons
and trions [30-32], two-dimensional terahertz spectroscopy
could be envisioned as a tool to investigate bound states
of bosonic collective excitations, for instance, biphonons or
biplasmons. Extending our approach to fifth-order nonlinear-
ities would capture the rephasing of two-quantum coherences
and open avenues for studying the effects of disorder on bound
states [103]. Furthermore, inspired by the capabilities of two-
dimensional spectroscopy, a promising direction would be to
study the coupling and hybridization between different fields.
For instance, extending the current analysis to models with
several coupled low-energy excitations could elucidate unique
features of interacting fields.

Recent advancements have shown that dynamic manipu-
lation of quantum materials using light can induce nontrivial
correlated phases [104], such as light-induced ferroelectric-
ity [105,106] or superconductivity [107-109] among many

J

others. These out-of-equilibrium phenomena present chal-
lenges for understanding the intricate dynamics that govern
them. Our formulation within the Keldysh formalism pro-
vides an ideal foundation to explore the promising capabilities
of two-dimensional spectroscopy in the study of nonequi-
librium systems. Finally, we see potential in using our
approach to investigate disordered magnetic systems and
address questions such as the formation of spin glasses,
spin liquids, and fractionalized excitations, extending beyond
the integrable limit, where most previous works have fo-
cused [74,76,78,91,110,111].

ACKNOWLEDGMENTS

We thank R. Andrei, L. Benfatto, U. Bhattacharya, J.
Curtis, J. Fiore, A. Malyshev, F. Marijanovic, N. Sellati,
and E. Vlasiuk for insightful discussions. A.G.-S., .M., and
E.D. acknowledge the Swiss National Science Foundation
(Project No. 200021_212899) and ETH-C-06 21-2 Equilib-
rium Grant with Project No. 1-008831-001 for funding. E.D.
acknowledges support from the ARO Grant No. W911NF-
21-1-0184. A.L. was supported by the U.S. Department of
Energy, Office of Basic Energy Sciences, under Contract No.
DE-SC0012704.

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further information
or data should be sent to the authors.

APPENDIX A: PERTURBATIVE CALCULATION OF x® TO
LOWEST ORDER IN g

As a first application of the laid groundwork in Sec. I1I, we
show here an explicit calculation of x® at first order in the
interaction strength g, i.e., at the tree level:

)~(1(113f)(t37 h,t) = —8i<§0d(ﬁ + 1 + 1) + 1)e(1)p(0)

X (—i) / “ar / d’r’ §w%c )@ )+ (@ ) (e />]>

8 o0
= —g§3!/ dt'iDXty +t + 15 —t)iDE(t' —t; — 1) iDF(’ — 1) iDE ()

(o]

o0
= —g/ dt' xVt1+ 6+t =)V —t1 —)x V" —1)x V@)

o0

and expressed in frequency domain:

(AD)

X oo = [an [ dn [ dneene oy O, = g 0r V@: - o0x Ve - 0x V@) (42

Performing the shift in the frequency arguments prescribed in Eq. (12), w; — wi, w2 = w; + w2, and w3 — | + 0y + w3, we

arrive at

3)

th‘lf (w1, w2, w3) = )“(ﬂ(m +wr + w3, 01 + w2, 01) = —g x V(@) x D) x M (@3)x " (@),

which provides x to the lowest order in g [see Eq. (13)].

(A3)
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APPENDIX B: GENERAL STRUCTURE OF x®

In this Appendix, we provide a systematic field-theoretical
reformulation of the computation of x® in terms of the ef-
fective action. Even though this reformulation is general for
arbitrary momentum coupling and measurement, we present
it only for the zero momentum scenario in Eq. (B10), which
constitutes the central result of this Appendix. At this stage,
we redefine for convenience a new source J*(r, t) = 2j%(r, t),
introduce the lumped space-time notation x = (r, t), and de-
fine the one-particle-irreducible (1PI) effective action as the
Legendre transform of W[J] = iln Z[J], such that

Elg®, ¢ = —W[J, /9] - / dx ) J*(x)¢“(x), (BI)

SWUT

gy =~ = =gt

SEIG] .

s = (B2)

H_ere, we have also introduced the convenient notations
{cl, @} ={q,cl} and [dx = [dr [ dt. The effective action
fulfils the fundamental relation [87]

f Z S2WIJ1 52E[¢]
8J%(x1)8J7 (x') 8 (X" )8 P (x2)

=855 8(x1 — x2). (B3)
In particular, this implies that

SE[P] s
ot el CAPR Y
2
since L[J_]zpaﬁ(xl—xz)_ (B4)

8J% (x1)8JP (x2)
The nth functional derivative of &,

apXy) = El¢] (BS)
8% (xp) - - - 8p™1 (x1)

is often referred to as the nth 1PI vertex and can be connected

to the nth-point connected Green’s function. In particular, for

the four-point Green’s function this relation is given by

W]

874 (x4)8J % (x3)8J %2 (x2)8J% (x1)

/dxl/de/dxg/dx4

=@
E (otyxy, 04X5, @hXy, X))
o,002,003,04

x D% (x4 — X YD (x5 — x5)

E(”)(alxl, ey

X D% (xy — x5)D*1% (x; — x}). (B6)

Here, we have employed that £ vanishes for the consid-
ered system. Hence, the third-order nonlinear response can be
computed as

xP(x3, %2, x1)

W]

8J9(x3 + x3 + x1)8J (xy + x1)8J(x1)8J(0)
(B7)

Assuming the system has translational invariance, Eqs. (B6)
and (B7) can be combined to obtain the convenient expression

4
X3 p2. ) = T3, o pO [ [ x PP, (BY)

where p; = (k;, w;), ps = (k, @), and

1p®

L(p3. p2. 1) = 30 q.q(P- —P3. —P2, —p1)-  (BY)

Note that in Eq. (B7), we have used that in the Keldysh
formalism no vertex containing four external classical legs is
possible; this would otherwise lead to a nonvanishing correc-
tion to the partition function [88]. For practical purposes when
exciting a mode with light, we will be interested in coupling
and measuring the zero momentum excitations of the system.
Under these assumptions, we set all external momenta to zero
and particularize Eq. (B8) to arrive at

4
x (w3, @2, w1) = iT (w3, w2, wl)l_[ x V()

i

(B10)

[cf. Eq. (15)].

APPENDIX C: x® WITHIN THE LOWEST-ORDER
DISORDER APPROXIMATION

In this Appendix, we briefly discuss the calculation of
x @ in the lowest-order approximation for the disorder. The
employed Luttinger-Ward functional has the same structure
as the one presented in Fig. 7 and is obtained by setting I'qis
to be ngs, introduced in Eq. (28). In similar fashion to the
discussion of the main text, we compute the self-energy:

the vertex correction
4
< =2igVi | 73 2
—ZQgVO A(0; we, wp),

4
=2igVyy (Ld

:2igV02)\(0; Way Wh),
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FIG. 10. (a) Echo and nonrephasing peaks in the lowest-order
disorder calculation with V2/m? =2, y/m = 0.05, and g/m* =
0.01. (b) Slices along the diagonal (teal) and cross-diagonal (orange)
of the echo peak. As evident from the peaks themselves and their
corresponding cuts, this approximation is insufficient to capture and

characterize the echo peak.

and the bubble in the presence of disorder:

. aQ [ 1
= 4igV? / = (Ld Z DI (w+ Q)fo(Q))
q
X A(0;w + Q, Q).

This concludes the calculation of all the necessary ingredi-
ents to compute x @) in the presence of disorder within our
conserving approximation. x @ is readily obtained following
Eq. (38). We proceed to compute the nonlinear maps, and
present the rephasing and nonrephasing peaks in Fig. 10.
The echo peak shown in Fig. 10(a) exhibits a slight asym-
metry, which becomes more apparent when compared to the
nonrephasing peak or investigating the slices in Fig. 10(b).
This minor asymmetry suggests that the calculation points in
the correct direction, but is insufficient to capture the echo
peak signature. A more sophisticated treatment, as the one
presented in Sec. V, is needed.

APPENDIX D: INTUITIVE UNDERSTANDING OF THE
ECHO PEAK FROM THE DIAGRAMMATICS

In this Appendix, we provide an intuitive discussion of
the 2D spectroscopy signatures in terms of the many-body
formulation of the echo physics discussed in this paper. Let
us consider the frequency-domain representation of the E4E §
contribution to the 2D signal [Eq. (2)], which follows from
a double Fourier transform with the causality constraints
t,7 >0,

3
da),'
Sp(@;, w;) = —3/]_[ 5 (@30, 00)
i=1

1 1
, D1
Xa)t—a)l—i—iO’Lwt—d)—i—iO’L (O

where @ = w| 4+ w; + ws3. Equation (D1) already makes clear
how spectral weight is distributed in the 2D map: The w, axis
is primarily controlled by those values of w; at which x ) is
largest, whereas the w; axis is tied to @. Note that x ) is a fully

symmetrized function of its frequency arguments, such that
the choice of w; as determining w, is completely arbitrary.

As a baseline, consider the theory in the absence of vertex
corrections. At tree level, x® is determined solely by the
external legs (single-particle propagators) (see Appendix A).
These propagators impose the following soft constraints on
the internal frequencies:

w1, W, W3 = :l:m’ w+w + w3 = :tmv (D2)

where the approximate equalities reflect finite linewidths. In
the limit of vanishing broadening, these conditions become
increasingly sharp, approaching hard constraints. These con-
straints immediately identify the allowed peak locations in
the 2D frequency map. In particular, one expects (1) the non-
rephasing features at w,/m >~ w,/m =~ %1, (2) the rephasing
(echo) features at —w,/m >~ w,/m >~ £1, and (3) a third-
harmonic contribution at w,;/m >~ +1, w;/m ~ £3, which
is not considered in this work. At this level, the response
function does not single out any frequency component, direc-
tion, or combination, and the resulting spectral features are
therefore symmetric (star shaped) in the frequency domain.
This is evident in Fig. 4 and in the inelastic limit of Fig. 8,
which, respectively, illustrate the nonrephasing and rephasing
peaks in this regime.

Let us now turn to the case where disorder-induced vertex
corrections are present. As discussed in the main text, in the
weakly nonlinear regime these corrections are encoded in
Te—v (wq, wp) defined in Eq. (36). Following the discussion
around Fig. 8(d), the disorder-dressed vertex is sharply peaked
near w, = —wy for |w,|, |wp| > m. This sharply peaked be-
havior brings another constraint into consideration: @; >~ —w;
for two of the frequencies involved in the 2D map calcula-
tion. As discussed in Sec. II, disorder correlations are most
effective when they correlate w, and w, (equivalently, T and
t). In the nonrephasing sector, w, =~ @y, the vertex correc-
tion is negligible, and we accordingly expect no pronounced
asymmetry of the peak, consistent with Fig. 8(a). In con-
trast, in the rephasing sector one has w, ~ —wy, for which
the vertex correction is maximal. This enhances the spectral
weight along the echo diagonal, effectively biasing the soft
constraints in Eq. (D2) toward configurations where w, and
w; carry opposite signs. As a result, the rephasing feature
acquires an elongated, diagonal echo signature.

This redistribution of spectral weight should be understood
in conjunction with the disorder-induced linewidth of the exci-
tation, set by the Born self-energy, and the inelastic scattering
rate y. In the absence of the infinite-ladder vertex correc-
tions, the peaks would remain symmetric even in the presence
of disorder. This is due to the fact that, at this level, these
corrections contribute only to the external legs and therefore
to the (symmetric) soft constraints of Eq. (D2). Including
the disorder vertex corrections, however, biases the spectral
weight—within the soft constraints imposed by the external
legs—toward the echo diagonal w, >~ —w,. This yields an
elongation whose scale is set, to leading order, by the Born
self-energy linewidth along the echo diagonal. By contrast,
the cross-diagonal width is governed primarily by inelastic
scattering, as discussed in Sec. V.
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APPENDIX E: DERIVATION OF EQ. (40)

In this Appendix, we derive the key equation (40) explic-
itly. We begin by considering the following decomposition for
the self-energy in terms of its momentum-independent Xy (w)
and momentum-dependent Si() parts, Xp(w) = Xo(w) +
Yk (w). We further decompose the k-independent part in terms
of the Born self-energy Xy (w), given by Eq. (25), and the rest
Tpath () (in our case the bath). Let us consider Eq. (26), which
under the aforementioned decomposition can be rewritten as

2
My (@) = — & 3 [Df@)| TmEg(@) + Iy ()]
k

ImEo(a)) Z|Dk( I+ Qw), (ED

where we have defined, equivalently as in the main text,
Q(w) = (4V; /Ld) > | Di ()| ImE, (w). Note that the disor-
der bubble A(0; w,, w;) for w, = —w, = w can be rewritten in
terms of the self-energies using Eq. (E1) as

ImEy(w) — Q(w)

VZaMw, —w
oM Imo()

-5 Y ptof =

(E2)
We now turn to the disorder-corrected vertex 7,y (0, —w) in
Eq. (36). Employing Eq. (E2) and performing straightforward
algebraic manipulations and the self-energy decomposition
previously defined, we obtain

. —ImEv (@) + QW)
T ) = @)~ Q)

Note that this derivation also recovers the simplified version
of a purely momentum-independent self-energy presented in
Eq. (39) in the limit of Q(w) — O.

APPENDIX F: ECHO PEAK IN d DIMENSIONS

In this Appendix, we illustrate the dimension indepen-
dence of our formalism by presenting explicit results for
d = {1, 2,3} in the weakly nonlinear regime. For each case,
Fig. 11 shows the disorder-induced self-energy, the cor-
responding disorder bubble A(0, w,, wp), and the resulting
echo peak. These results illustrate how the one- and two-
particle diagrammatic corrections, as well as the associated
spectroscopic signatures evolve with spatial dimension. As
expected, disorder effects become increasingly pronounced
as the dimensionality is reduced. From this perspective, the
cases d = 1 and d = 2 are particularly relevant for quasi-one-
dimensional and quasi-two-dimensional systems, where the
enhanced sensitivity to disorder is expected to serve as an in-
dication of disorder-dominated effects. In particular, because
in strictly one and two dimensions arbitrarily weak disorder
already leads to localization, these low-dimensional limits
provide a natural benchmark for understanding how strong
disorder sensitivity is reflected in the spectroscopic response.

APPENDIX G: MULTICOMPONENT GENERALIZATION
OF THE ECHO PEAK

In this Appendix, we extend the results of the main text
from a single-component to a multicomponent interacting
field and examine the effects of intercomponent coupling
on the 2D map. This extension is motivated by the need
to understand the interplay between such couplings and dis-
order, which is central to the behavior of nonlinear optical
phonons, multiband magnonic systems, and multicomponent
Bose-Einstein condensates.

We consider a multicomponent real field ¢ =
(@', ..., ¢"), with a quartic interaction of the form

8. 22
— | dtdr =
/C r4!(<p)

=-: / dt dr (9™ g)[(¢") + (@*)],

Sint [QD] =

which is nothing but the multicomponent generalization of
Eqg. (8). Disorder is modeled in the same way as in Eq. (23)
and is such that it does not mix species of ¢. For concreteness,
but straightforwardly generalized, we consider all the modes
to have the same velocity v = 1, and one field component ¢,
to have a mass m;, while the rest have a mass m,. Further-
more, we assume that all components are infrared active and
therefore couple linearly to the external perturbation.

The disorder bubble X can be straightforwardly generalized
to

A (ks a, 05) = —5 Z DE i1 g(@a)Df (@), (GI)

where the subindices a and b label the components of ¢. With
this, we generalize the disorder-corrected vertex to

2V02A“b(0; Wy, Wp)
1 — Virb(0; w,, wp)

T, (@, p) = ig (G2)
Even though A%°(0, w,, w,) for a # b can no longer be directly
related to the self-energy, in contrast to the single-component
case, it can still be evaluated numerically. Once 7;,‘_’3 (wq, wp)
is obtained, the remaining step is to compute x® in direct
analogy with the numerator of Eq. (38), but now including all
possible component combinations of ¢. We present in Fig. 12
the generalization of the disorder-corrected vertex, as well as
the nonrephasing and echo sectors of the 2D map, to the case
of a multicomponent collective excitation. In the absence of
disorder, one typically expects a squarelike signature reflect-
ing the coupling between the different components (modes).
In the presence of disorder, the peaks become elongated in
the echo sector—analogously to the single-component case
discussed in the main text—while they remain symmetric and
broadened in the nonrephasing sector.

APPENDIX H: INELASTIC SCATTERING

In this Appendix, we present an analogous discussion of
Sec. V for the case of inelastic scattering. Diagrammatically,
the analysis requires extra effort because an additional field
must be incorporated to model the inelastic scattering events,
introducing an additional energy scale, the mass of the mode
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FIG. 11.

Figure showing the self-consistent Born self-energy, the disorder bubble, and the resulting echo peak in spatial dimensions d =

{1, 2, 3}. The Born self-energies are plotted for several values of the inelastic scattering ratio, y /m = {0.005, 0.025, 0.1, 0.25}. To illustrate
the quantitative effect of disorder as a function of dimension, we fix the disorder strength to V,?/m* = 1 and the inelastic scattering rate to
y/m =0.051ind = {1, 2, 3}. Note that, in the case of d = 3, a clearly elongated echo peak emerges for larger values of the disorder strength
V¢ /m?. However, for Vi /m> = 1, the system remains in the inelastic-scattering-dominated regime.

M. In situations where M/m ~ 1, the modes can strongly
couple and develop hybridized excitations, leading to a more
complicated structure in the 2D map, as expected from the
intuition of ITLS [16,112]. The signatures of hybridization for
collective modes in the many-body scenario require careful
analysis and are therefore left for future work.

Here, we restrict ourselves to the scenario where the extra
mode is an optical phonon with a mass much larger than the
one of the collective mode under study, i.e., M/m > 1. In
this regime, the phonon acts as an incoherent bath in which
the collective mode can decay, leading to an iwy term in its
self-energy, where y characterizes the broadening strength.
Furthermore, the phonon can also, in principle, lead to vertex
corrections in the four-wave mixing process. Intuitively, the
rephasing of the inelastic scattering seems hard to conceive,
since the characteristic frequency of the exchanged phonon
is ~M, much faster than the typical scale of the boson m.
However, as a sanity check, we evaluate the vertex correc-
tions coming from the phonon to confirm that no rephasing is

possible. Thus, we show that these corrections can be com-
pletely disregarded in the regime M/m > 1.

The interaction between the collective mode ¢ and the
optical phonon is given by

—E/dt/ddrlﬁ(r,tﬁpz(r’t)
2 Je

—M/dt/d‘lr(q)Cl Qg+ 290 + @iy 9),
(HI)

Sph

where we introduce classical and quantum fields for the
phonon analogously to those for the collective mode. Note
that, although the coupling structure is similar to that of
Eq. (23), key differences arise due to the phonon’s dynamics.
First, the phonon enables energy transfer to the collective
mode. Second, a larger number of diagrams must be consid-
ered in both the self-energy and vertex corrections.
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FIG. 12. Disorder signatures of the multicomponent model (N =
3) for m; = 0.8m and my = 1.2m, y/m = 0.05, and VZ/m* = 1.5.
(a) Disorder-corrected vertex diagram in the multicomponent case
with the corresponding color plot of its absolute value (normalized)
as a function of w, and w,. The dashed gray lines indicate the values
of m; and m,. In panels (b) and (c), we show the nonrephasing
and rephasing sectors, respectively. In both, the mode coupling and
resulting splitting are clearly visible. While disorder leaves the non-
rephasing sector essentially unchanged, the characteristic elongation
of the echo in the rephasing sector persists even in the presence of
coupling between the components of ¢.

1. Self-energy

The lowest-order correction to the boson self-energy due
to the presence of the optical phonon is given by

YR(w) = [\]_\m + [‘”J L_J t_’ \

4’ Qe K K SR
=7 > E[Do,k(w — Q)iDf 1, (Q) + iDf (0 — Q)D§ ()]
k

(H2)

where Z@f(w) = ((w + in)> — M?*)~ ! is the phonon retarded
Green’s function at momentum k and frequency w. To keep
the mass of the excitation fixed at the physical mass m,
we introduce a mass counterterm §,, = Re{X(w = m)}, such
that m? = m(% + ReX(m) — §,,. Since the phonon can now
exchange energy with the excitation of interest, the fluctua-
tions of the phonon field control the linewidth broadening. At
small temperatures, the phonon fluctuations are exponentially

J

{é + G + "\éigxl(wa,wb)
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FIG. 13. (a) Imaginary part of the self-energy due to the presence
of the optical phonon, for t/m? = 1, T/m = 1,and M/m = 5. In the
inset, the on-shell broadening is shown as a function of temperature.
(b) Evolution of the boson linewidth due to the presence of the optical
phonon as temperature increases. The inset provides the extracted
values of y after a phenomenological fit to the self-energy. (c),
(d) Color plot of the absolute value of the tree-level vertex correction
for the two distinct vertices [Eqs. (H3) and (H4)] in the presence of
the optical phonon; same numerical values as in panel (a).

suppressed, and the broadening is negligible. Upon increasing
temperature, the phonon fluctuations become sizable, result-
ing in a broadening of the boson linewidth, as can be seen
in Figs. 13(a) and 13(b). This is a generic feature that can
be phenomenologically captured, independently of the cou-
pling strength pu or mass M, by a self-energy term of the
form iwy(T), where y characterizes the broadening of the
linewidth.

2. Vertices

Similarly to the case of elastic scattering, we evaluate the
vertex corrections in the presence of the phonon. Here, we
compute the vertices only to lowest order to demonstrate that,
in the limit M/m >> 1, they can be completely disregarded.
Unlike in the case of elastic scattering [Eq. (36)], the ver-
tices cannot be reexpressed as a single vertex and have to be
computed independently. These correspond to the exchange
of a phonon between two incoming, or one incoming and one
outgoing bosons and are given by

i8qgu? dQ [ ~
T Z / 5 [mg;(mp(?k(wa + Q)DE (wy, + Q)
Ok

+ D L (—Q)DE (wa + Q)iDE, (wy, + Q) + DL () DE (wa + Q)iDE, (wy + Q) | + wa < wp

(H3)
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and

< + 2 é = igho(wa,wp) =

N

z8gu Z /dQ [ZDOk(Q)DOk(wa+Q)DO Lo — Q)

(H4)

+ 215&(9)17&(% + Q)iDE o (wp — Q)} + Wg & Wp,

To show that there is no rephasing physics involved in these vertex corrections for M/m >> 1, we present a color plot of the
absolute value of the two vertices A and A, in Figs. 13(c) and 13(d) for M/m = 5. Indeed, the fast dynamics of the phonon ~M
pushes the effects of the vertex corrections to w, ~ w;, ~ M, resulting in a negligible contribution in the frequency region of the
boson mass m. However, as aforementioned, for M/m ~ 1 the vertex corrections can be important around the mass energy m

and may give rise to interesting signatures in the 2D map.

As a last comment, we note that from the phonon-boson action in Eq. (H1) an effective vertex with external legs cl-cl-cl-q
arises, which contributes to the nonlinear response. However, the effective interaction scales as ~u?/M?, for a large phononic
mass. Therefore, we can safely ignore its corrections to the preexisting interaction strength g.
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